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Abstract 

We consider braids on m + n strands, such that the first m strands 
are trivially fixed. We denote the set of all such braids by Bm,n' 

Via 

concatenation Bm,n acquires a group structure. The objective of this 
paper is to find a presentation for Bm,n using the structure of its corre- 
sponding pure braid subgroup, Pm,n, and the fact that it is a subgroup of 
the classical Artin group Bm+n- Then we give an irredundant presenta- 
tion for Bm,n- The paper concludes by showing that these braid groups 
or appropriate cosets of them are related to knots in handlebodies, in 
knot complements and in c.c.o. 3-manifolds. 



1 Introductory notions and motivations 

Definit ion 1 Tht set of all eleuients of the classical Artin group B^Yi+n fof 
which, if we remove the last n strands we are left with the identity braid on 
m strands, shall be denoted by Bm,n (see figure 1(a) below for an example in 
The elements of Bm,n o,re special cases of 'mixed braids' (cf. section 6). 



Figure 1: 
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Concatenation is a closed operation in B^^n'- the product a- [3 oi two elements 
a,/? G Bm^n is also an element of i?m,n (see figure 1(b)). Thus Sm,n < -Bm+n- 
Our purpose is to obtain a simple presentation for Bm,n- 
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The motivation for studying these braids comes from studying oriented 
knots and hnks in knot complements, in c.c.o. 3-manifolds and in handlebodies, 
since these spaces may be represented by a fixed braid or a fixed integer- 
framed braid in S^. Then knots and hnks in these spaces may be represented 
by elements of the above braid groups B^.n or of appropriate cosets of these 
groups. More precisely, if M denotes the complement of the m-unlink or a 
connected sum of m lens spaces of type L{p, 1) or a handlebody of genus m, 
then knots and links in these spaces may be represented precisely by the mixed 
braids in Bm,n, for n G IN. In the case m = 1, Bi n is the Artin group of type 
B (cf. [4], [5], [6]). If M is generic, concatenation is no more a closed operation 
of mixed braids, but as wc show in section 6, knots and links in M may be 
represented by mixed braids in Bm,n-, for ^ G followed by a fixed part 
associated to M, i.e. by elements of a coset of 

We recall now some facts about braids and pure braids. For more details 
and a complete study of the classical theory of braids the reader is referred to 
[1]. The pure braid group, P„, corresponding to the classical Artin group on n 
strands, consists of all elements in i?„ that induce the identity permutation 
in Sm thus Pn < Bn and Pn is generated by the elements 

(^ij — (Ti Cj+l ...(Tj-2 CTj-i (Tj_2 . . . (7j+i(7i 

= aj-iaj-2 ■ ■ ■ crj+i(7i^a-i+i"^ . . . crj_2~Vj_i~^ 1 < i < j < n. 

The generators aij may be pictured geometrically as an elementary loop be- 
tween the ith and jth strand (cf. figure 2). 

The most important property of pure braids is that they have a canonical form, 
the so-called 'Ariin's canonical form', which says that every element. A, of P„ 
may be written uniquely in the form: 

A = UiU2---Un-l 

where each Ui is a uniquely determined product of powers of the Oij using 
only those with i < j. Geometrically, this means that any pure braid can be 
'combed' i.e. can be written canonically as the pure braiding of the first strand 
with the rest, then keep the first strand fixed and uncrossed and have the pure 
braiding of the second strand and so on (cf . figure 3) . 

The main idea for finding a presentation for P„ is the following: The comb- 
ing of a strand may be regarded as a loop in the complement space of the other 
strands, and as such is an element of a free group since the fundamental group 
of a punctured disc is free. Thus, 
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where each Fi is a free group on the generators ai^j+i, . . . , Oj^j+i (the elemen- 
tary loops between the (i + l)st strand and all its previous ones), and where the 
action is induced by conjugation. It turns out that P„ has generators 

l-2^+2-3^+...+(n-2)(n-l)^ 



and 



relations, the following: 



-1 



if i < j < r < s 



1 



OjisOjjgOjis 



or r < i < j < s, 
if i < j < s, 
if i < j < s, 
if i < r < j < s. 



Based on these ideas, we introduce in section 2 the pure braid group Pm,n 
and in section 3 we find a presentation for it. Then in section 4 we put together 
a presentation for B^ n, which we simplify in section 5. In section 5 we also 
give a Dynkin-diagram related to i3„t.n- Finally, in section 6 we explain that 
elements of Bm,n represent oriented knots and links in certain spaces and that 
appropriate cosets of Bm,n represent knots and links in the generic cases of 
knot complements and c.c.o. 3-manifolds. 

The results here have been preliminary studied by the author in [4] and have 
been presented in various mathematical meetings since 1995. A. Sossinsky, in- 
dependently, motivated by the same topological considerations, studies these 
groups in [8] and he conjectures the irredundant presentation for Bm,n- More- 
over, V. Vershinin in [9] studies the groups Bm,n in connection to handlebodies 
of genus g, taking a configuration-spaces approach. Back in 1993 Alastair 
Leeves had found a presentation for B^^^, which was presented in [4], but a 
proof was never published. The author is thankfuU to A. Leeves for inspiring 
discussions at the time. Also, her grateful thanks are due to Bernard Leclerc 
for his careful reading through this work and his very valuable comments. 

This is the first paper in a sequel of three. The next one gives expressions 
for algebraic equivalence of braids reflecting knot isotopy in arbitrary knot 
complements and c.c.o. 3-manifolds. The case of handlebodies is joint work 
with Reinhard Haring-Oldenburg. 



2 The pure braid group Pm,n 

Definition 2 The corresponding pure braid group Pm,n of Bm,n is defined as 
Pm,n — Bm,n ^ Pm+n, ^-C- Pm,n < Pm+n O-T^d it does not Contain purc braiding 
among the first m strands. 

By its definition, Pjn,n is generated by the pure braid generators aij for i e 
{1, . . . , m-\-n—l} and J e {m-|-l, . . . , m-\-n} of Pm+n (see figure 2). Then, Bjn,n 
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is clearly generated by the elementary mixed braids (drawn below) a^j for i G 
{l,...,m + n — 1} and j G {m+ 1, . . . ,m + n} together with a^+i, • • • , cr^+n-i, 
the elementary crossings among the last n strands. Note that the inverses of 
the Ojj's and a^s are represented by the same geometric pictures, but with the 
opposite crossings. 



1 i mm+1 j m+n 



1 m 




a.. = 
ij 



Figure 2 

Also, by definition we have an exact sequence 

1 ^ Pm,n ^ ^m,n ^ ^ !• 

In particular, Pm,n <1 -Bm.n- More precisely, we have the following relations: 



± 



if k<i 



± 



n ± 



2 or i + l<k<j -2 or k > j + 1, 

if A: = ?;-!, 

if k = i, 
if = 

if k^j. □ 



We shall call these mixed relations and we shall denote them by Mi, M2, M3, M4 
and M5 in the order they are written. 

Thus Bjn n is a group extension of P^^^ by This will yield a presentation 
for conditionally to knowing a presentation for Pm,n- 



3 A presentation for 



Theorem 1 The pure braid group Pm,n is generated by the elements aij for 
i E {1, . . . , m + n — 1}, J G {m + 1, . . . ,m + n} and i < j, which are subject 
to the relations: 

ifi<j<r<s or r < i < j < s, 
if i<j < s, 
ijs'^cfis'^ if i<j<s, 

djg df-gCijgQjigQjjg Qiig if i r ^ j s . 

Relations Pi, P2, -P3 and P4 shall be called pure braid relations. Note that Pi 
and P4 involve the strands i, r, j, s, whilst P2 and P3 involve the strands i, j, s. 



(Pi) 








{P2) 


Qj'lj 


aj g aij 




(Ps) 


aij 








aij 


(^rs^ij 
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Proof By its definition and by the fact tliat tlie Oj/s (for all indices) generate 
Pm+n follows that the above set of elements is indeed a set of generators for 
Pm,n- Since Pm,n < Pm+n WB Can apply on its elements Artin's combing. As 
for Pn, the combing of a strand can be regarded as a loop in the complement 
space of the strands with smaller index (including the m fixed ones) and as 
such it is an element of a free group. Therefore we have: 

Pm,l Pm («i,m+i, «2,m+i, • • • , am,m+i), the free group on m generators. 

Further is: Pjn,2 — Fm+l>^Pm,l — (ai,m+2, ■ ■ ■ , am,m+2, aTO+l,m+2) X-Pm,l, i-G. 

Fm+1 is the free group on m + 1 generators, and Pm^i acts on F^+i by conju- 
gation, via the relations of the pure braid group Pm+i for appropriate indices. 
We proceed inductively to obtain: 

Pm,n — Fm-\-n-l^ ' ' ' '^Prn+l'^m — Prn-\-n-l'^m.,n-l 

{fll^m+ni • • • 1 ^m,m+ni • • • ■> '^m+n— l,m+n) ^-fm,n— 15 

where Fm+n-i is the free group on m + n — 1 generators, and where Pm,n-i 
acts on by conjugation, via the relations of the pure braid group Pm+n 

for appropriate indices, i.e. via the relations Pi, -Pa and P4. □ 

Some remarks are now due. 



Remark 1 The groups Pm,n and Pm+n have seemingly the same presentation. 
For m 7^ 1 is, though, Pm,n 7^ Pm+n- The difference lies in the restriction of the 
indices of the generators. In fact, Pm,n has "("'+^'"~^) generators, which is the 
number of generators of Pm+n less the number of generators of Pm- Moreover, 

Pmn has ("^-^•"•'^+"''-("^+^)^+-+("^+"~^)("^+"~^)^ _ {m-'i.)-m-n-{n+2m-\) pg|g^^jQjjg 

which is the number of relations of Pm+n less the number of relations of Pm- 
In the case m = 1 holds = Pi+n, which follows immediately from the 
definition of Pm,n or can be observed from its presentation for m = 1. 



Remcirk 2 In [4] there is a discussion about the groups Bm,n and a different 
line of proof is given for finding a presentation. There, by Pm,n we denoted 
some smaller pure braid subgroups, for which it is rather complicated to find 
a presentation. But the case m = 1 was extensively treated, also in the 
sequel papers [5, 6]. In all these previous results Pi,„ denoted the free group 
Fn = (012, ^13, • • • , 0'i,n+i) and not the corresponding pure braid group of i?i,„. 
That's why we had then = F„xi5„. We hope that the readers familiar 
with those results will not be in confusion. 
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4 A presentation for Bm,n 



In section 2 we showed that 1 — > Pm,n — ^ -^m.n — ^ Sn — > 1 and in section 
3 we found a presentation for Pm,n- Recall that Sn has the presentation: 

(si, ...,Sn-i I ^iSj = SjSi for \i — j\ > 1, SjSi+iSj = Sj_)_iSjSi-|_i, Sj^ = 1). 

We are now ready to put together a presentation for Bm,n- Namely, we can 
apply a result from the theory of group presentations (see [3], p. 139), that gives 
a presentation for a group extension of two groups with known presentations. 
Indeed, the following is then a presentation for -B^n- 



(^l,m+lj ■ ■ ■ J ^l,m+m ■ ■ ■ > <^m,m+l) • • • ) ^m,m+nj 
0"m+l,m+2i • • • ) (^m+l,m+m • • • j 0,m+n—l,m+nj 
•^TO+l) • • • J C"m+n-l 



Pi, -P2, P3, P4, 

Mi,M2,M3,M4,M5, 
Si, E2, E3. 



where the relations Si, E2 and E3 are satisfied by the (7^+1, Cm+2, • • • , Cm+n-i 
and they are the following: 

(El) cTjCTj = ajai if \i - j\ > 1, 

(E2) (JjCTj+iCTj = a-j+i«Tj(T,+i if m + l<i<m + n-2, 

(E3) (7j^ = Oj^i+i if m + l<i<m + n — 2. 

El and E2 are the 'braid relations '. 

Notice now that relations E3 for i G {m + l,...,m + n — 1} and j G {m + 
2, . . . , m + n} do not involve any mixed braiding and so they may be taken as 
defining relations, namely: 



a 



±2 



-|-2 —1 

— O'm+20'm.+l 1 ■ ■ ■ 

-|-2 —1 —1 

— (Tj_i . . . (Jj+iCTj 0"i+i ...CTj-i , 



^ ± — n- ±2 

"'m+n— l,m+n • "^m+n— 1 

Therefore, we want to omit eventually these a^^'s from the list of generators 
of Bm,n and subsequently to eliminate or simplify all relations involving these 
elements, applying Tietze transformations. Indeed, we examine one by one the 
relations and we have: 

Pi : aij~^ars(iij = o,rs for the case r < i < j < s. If all r,i,j,s G {m + 
1, . . . ,m + n}, the relations follow from Ei and E2 and so we only keep the 
ones where r G {1, . . . , m} and i G {m + 1, . . . , m + n — 1} or r, i G {1, . . . , m}. 
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P2 : aij^^ajsGij = aisajgais^^ for i < j < s. Since j, s G {m + 1, . . . ,m + n} 
the only case to be kept is when i G {l,...,m}, as the relations for i G 
{m + 1, . . . ,m + n — 1} follow from the braid relations. 

P3 '• (^ij'^ C'isO'ij = o,isO'jsO'isO'js~^o,is~^ ioY i < j < s. As in the previous case, 
the only relations that do not follow from Ei and E2 are the ones where 
i G {l,...,m}. 

P4 : aij'^arsaij = aisajsais~^ajs~^arsajsaisajs~^ais~^ ior i < r < j < s. Since 
j, s G {m + 1, . . . , m + n} the only relations to be kept are those where either 
i G {1, . . . , m} and r G {m + 1, ... ,m + n — 1} or i,r & {1, ... , m}. 

Ml '• o'k'^ttij^ak = ttij^ for k<i — 2 01 i + l<k<j — 2 01 k>j + l. Here 
also we have j G {m + 1, ... ,171 + 11} and k G {m + 1, . . . , m + n — 1}. Now, if 
i G {m + l,...,m + n — 1}, all these relations follow from Ei and E2, whilst 
for i G {1, . . . , m} it only makes sense to consider k<j — 2 or k>j + l. 

M2 : ai^]~^aij^(Ti^i — ai^ij"^. Since z — 1 G {m + 1, . . . , m + n — 1} it must 
be z > m + 1 and so all these relations follow from Ei and E2. 

-^3 '• o'i^^aij^o'i = ttijai^ij^aij^^ . This is analogous to the above case, since 
i > m + 1. 

-^4 : <7j-i~^aij^(Tj_i = ajj_i^. Here also the only cases that do not follow 
from the braid relations are the ones with i G {l,...,m}. 

A^5 : aj~^aij^aj = ajjajj+i^ajj"^. As above, the only relations surviving are 
the ones where z G {1, . . . , m}. 



Remcirk 3 The remaining relations of Pi for i G {m + 1, . . . ,m + n — 1} 
follow from the simpler relations: ciijCTk = (^kO-ij for k<j — 2 or k>j-\-l, 
which coincides with the remaining of Mi above. 

To summarize, we showed that the following is a presentation for Bm,n- 




Ol,m+l) • • • ) ^l,m+n) ■ ■ ■ ) ^m,m+l) ■ ■ ■ t ^m,m+m 
^m+l,m+2) ■ ■ ■ ) (^m+l,m+m ■ ■ ■ j ^m+n—l,m+m 
(^m+l-i ■ ■ ■ ) Cm+n-1 




where we have: 
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(Pi) 








ttij 


s ^ij 


{Pi) 






(Pi) 






{M[) 



















ttrsdij for r < i < j < s, 1 < i,r < m, 

aisttjsais'^ for i < j < s, 1 < i < m, 

aisajsaisttjs'^ais'^ for i < j < s, 1 < i < m, 

OiisO'jsO'is djs Ojr^gOjjgOjigOjjg Gig for i <^ T <^ j <^ S, 

1 < i < m, l<r<m + n — 1, 

ttij^ for k < j — 2 or k > j + 1 and 1 < i < m, 

(T.;_iaj.j_i''=(Tj_i~-'^ for 1 < i < m, 
aijUij^i'^aij'^ for 1 < i < m. 



Having now done the first, 'obvious' clearing in the original presentation 
of Bm,n, we observe that many of the above relations are redundant or they 
simplify further, and that we may omit the a^- 's with i > m + 1. 



Theorem 2 The following is a presentation for B, 



Br, 



(il,m+lj ■ ■ ■ ,0,1 
^m,m+l) • • • ) (^m,m+nt 



where we have: 



(1) CTfe ^aij^Gk 



(2) 
(3) 
(4) 



± 



Si,S2,(l),(2),(3),(4), 
for all appropriate indices 



Orj_i_i a. 



for k < j — 2 or k > j + 1, 
for r < i. 



Proof Relations (1), (2) and (3) are precisely M[, M2 and M3, whilst relations 
(4) are a special case of relations P[. So we have to show that P2, P3, P4 and P5 
as well as the rest cases of P[ follow from Si, S2, (1), (2), (3) and (4). Before 
continuing we note that, using (2), relation (3) is equivalent to 

^ j ^3 ^'^3 — ^^3 ^ j ^ 3 

and relation (4) is equivalent to 



We shall also use these forms in the proof. We proceed now case by case. The 
underlining indicates the expressions involved in each step of the proof. 
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^2 -1 -1 

ttijOrs — ttijUs-l ■ ■ ■ (Tj+iaj-j+ifTj+i . . . (Ts-l 

^ '( -\\ -1 -1 

— CTs-l ■ ■ ■ '^j+lO'ij\(^jO'rjO'j JCTj+l • • • Cs-1 



(J 

m: 



-1 



(Ts-l ■ ■ ■ (TjarjOj ^ . . . CTs-l ^ttij 



M' 



{(7s-l • • • ^^j^C'iji'^j+l ^■■■<^s-l 



M' 

= [Cs-i ■ ■ ■ o'j+ijajttijaij+i ttij aj aij[aj+i ...as-i ) 

M' 

= [Cs-1 ■ ■ ■ <^j+l)(^jO'ij O'i,j+l O^ij • ■ ■ Cs-1 ) 

M' 

= (cTs-i . . . aj+i)ajaija/aij-^aj~^{aj+i~^ . . . as-i~^) 

— (cTg-i ■ ■ ■ (Tj)aij{aj~^ . . . (Ts-l ■ ■ ■ ■ ■ CTs-l"^ 
X (7s-l • • • <^j)(J'ij~^i<^j~^ ■ ■ ■ (^s-l~^) 

— OjisOjjsdis 

For P3 we have: 

M' 

^ ^^^2 / 2 1 1\ 

a^g Qjs ttis Cljs dis = ^ks\0's-l ■ ■ ■ O'j+lO'j ■ ■ ■ O's-l j djs 



M! 

— ■ ■ ■ Crj(J'ij(Tj~^ . . . (7s_i~^)((Ts_i . . . (7j+i(Tj^(Tj+i~^ . . . (Ts-i"^) 

X ((7s_i . ..ajaijaj'^ . . . as-i~^){(Js_i . . .aj+iaj'^aj+i'^ . ..as-i~^) 
X (cTs-i . . . Ujaif^af^ . . . (7s-i"^) 
= (crs_i . . . (Tj)aijaj'^ aijaf'^aif^ {af^ . . . as-i~'^). 

On the other hand: 

Ml 
^ 2 1 1 1 1 

^^s O'ij — O'ij • • • CTj+lCTjOijCrj CTj+l ■ ■ ■ O' s-1 

K ~l Ii Si Zi 

— • • • (^j+lO'ij • • • ^s-l 

M' 

= Os-i ■ ■ . aj+ia jttija j{a ja j~^)aij~^ a j~'^aij{a ja j~^)a . . . as-i~^ 
= (cTs-i . . . aj)aijaj'^ aj~^aij~^aj~'^aijaj {aj~^ . . . ag-i'^). 

Therefore, it suffices to show that the under fined expressions in the last equa- 
tion of either side are equal. Indeed we have: 
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M' 

•^3 -1 -1 -1 -1 

— (^zj ^3 ^3 ^3 ^"^3 ^3 

= 1. 

Finally, for P4 and r e {1, . . . , m} we have: 



(^is ^js ^is ^js ^rs ^js ^is ^js ^is 











!■( 




_1 . . . 


aj+i(j/cr,+i"^ . . .(Ts 


-1-^) 


X 


1 


• • • ^ j ^3 




-1 






-1 • • ■(^j+l(^f^(^j+l''^ 


• • • C^s-l' 


X {as- 


1 


• • • ^ j Ojfj ^ j • 


, . . as-i 




■ ( 




■ ■ ■(^j+l'^/'^j+l'^ ■ ■ ■ 




X 


1 


• • • ^ j ^ j ' 






■( 




■ ■ ■ • • 




X ((T,_ 


1 

















2 —1 —2 2 —2 —1 —1 —1 — 1 

— f^s-i ■ ■ ■ CTj^iajaijaj aij Uj ctrj^^j (^ij^j (^ij (^j ^j+i ■■■(^s-i 
On the other hand: 

-1 -1 -1 -1 -1 

ttij ttrs Clij — Clij (J s— I ■■■ (7 j j^i(T jttrjCTj CTj+i . . . (7 g—l Cbij 

— (7g-i ■ ■ ■ aj^i ajj ajarjCTj aij aj+i ...as-i 

Again, it suffices to show that the underlined expressions in the last equation 
of either side are equal. Indeed we have: 

2 —1 —2 2 —2 —1 —1 / —1 —1 —1 \ 

^^3 ^^13 ^^3 CLfj ^^3 ^^3 ^"^ij ^^3 \^^'^3 ^ J ^^vj ^^3 ^~^tj ) 

M' 

-"'-'3 2 \ 2 2 1 1 1 2 1 1 

— CTjGjf^j(7rj Qji^j ^^3 ^^^3^^3 ^~^X3^~^%3 ^^3 ^^3^^'^3 ^ 3 ^-^tj 

2 —1 —2 —1 —1 —1 —1 

— ^T^' ^3 j ^3 (ii'c j ^ 'j 'j ^3 Ojfj ^3 

(1) 2 -1 -1 ^1 ~2 

^3 2 2 1 1 1 

— ^3 ^3 3 ^3 3 

= 1. 

The case where r G {m + 1, . . . , m + n — 1} is completely analogous. □ 
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5 Irredundant presentation for B 



Looking now at the last presentation for „ we observe that relations (2) 
may be seen as defining relations for 1 < i < m and j > m + 2, namely: 

_± _± _-i 

"'i,m+2 ■— '^m+l"i,m+l'^m+l) 

_± „ „ ^± ^-1 ^-1 

^i,m+n ■ ■ ■ ■ '^m+lO'i^m+l^m+l • • • ^m+n—1- 

Therefore, we want to omit further these a^j's from the list of generators, and 
subsequently to eliminate or simplify all relations involving these elements. 
Indeed, we have: 

Theorem 3 The following is a presentation for B„i.n- 



Cm+1) Crm+2, ■ ■ ■ , Cm+n-1 



Si,S2,(l'),(2'),(3'), 
for all appropriate indices 



where: 



(1') CTk ^ai,m+i^(^k = a'i,m+i^, k>m + 2, 

(2') (3'i,m+l <^m+lO'i,m+l'^m+l = '^m+lCI'i,m+l(^m+lO'i,m+l i 

(3') ai^rn+l^{(^m+lO-r,m+l^(^m+l ^) — {(^m+lO'r,m+l^(^m+\ ^)0'i,m+\^ ■, r < 1. 

Proof Relations (1') are a special case of relations (1), relations (2') are a 
special case of relations (3) and relations (3') are a special case of relations (4). 
Note that relations (3') are equivalent to 

We show the sufficiency of the new relations by examining each case. 
For relations (1) and for m + 1 < /c < j — 2 we have: 

—1 ± (2} -i( ± 

O'ij CFk — (^k ■ ■ ■ C"fc+2 C"fc+l ■ • • C"m+lQi,m+l 

X CTm+l"^ • • • g"fc+i~^ erfc+2~^ . . . (7j-i~-^)(7fc 

51 / \ _i -I- 

— \<7j-l ■ ■ ■ 0'k+2) (^k tJfc+lCfc • • • O'm+lCli^m+l 

X (^m+l^^ ■ ■ ■ Ck~^(^k+l~^<^k {<^k+2~^ ■ ■ -(^j-l'^) 

52 / \ _i -I- 

— ■ ■ ■ Ck+2)0'k+l(^k (^k+l CTfc-l • • • O'm+l 0'i,m+l 

X Crm+l~^ ■ ■ ■ 0'k-l~^(^k+l (^k~^'^k+l~^{crk+2~^ ■ ■ ■ CTj-i'^) 



=1 
(2) 



(cTj-i . . . am+l) o'k+l ^0'i,m+l^Crk+l i<^m+l ^ ■ ■ ■ <^j-l ^) 

aj-i . . . am+iai,m+i^crm+i~^ ■ ■ ■ <^j-r^, {k + l>m + 2) 
a 
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Further, for relations (1) and for A; > j + 1 we have: 



(2) 



(!') 



(2) 



± 



In the last two equations we used that k>m-\-2. For relations (3) we have: 



± (?) /" —1 — 1' 

ajaijOjOij — (7jl^(7j_i . . . CTm+lQ^.m+l'^m+l ■ ■ ■ ^3~l , 



(T; 



(2') 



S2 



X ((7j_i ■ ■ ■ (Jm+l Qi.m+l CTm+l • • • ) 
— "^j ■ ■ ■ Cm+l^iijm+lCj ■ ■ ■ 0'm+2 Cm+l O"m+2 ■ ■ ■ 



^ji^j-^^j) ■ ■ ■ ('^m+lC"m+2)Qi,m+lC"m+lQi,m+l 



± 



X {am+2 ^CTm+l ^) ■ ■ ■ (c^j ^j-l ^) 
((Tj_i(Tj) . . . (crTO+lCm+2)Oi,m+l^'^m+l(^i,m+l 
X Cr^+i(cr^+2~Vm+l'^) ■ ■ ■ 

((Tj_i(7j) . . . (o"m+l '^m+2 )Qi,m+l^'^m+lQi,m+l 



((Tj_i . . . am+l)cii,m+l^ O'j ■ ■ ■ 0'm+20'm+lO'm+2 ^ ■ ■ - Cj 

{(Jj-l ■ ■ ■ 0'm+l)Qt,m+1^0"m_|_i ^ . . . (Jj-l ^ CTj 
X aj-i . ■ ■ 0^m+la^,m+l(o^n^+l ^ • ■ • aj-l~^) o'j 



Finally, for relations (4) we have: 
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S2 



S2 



(3') 



S2 



(2) 



a. 



(2) 



rj 



-1 



. . .a 



-1 



X CTm+l 

((Tj_l(Tj) . . . {am+lO'jn+2)cii,m+l^(^m+lCl'r,m+l^ 
X (0-m+2~Vm+l~^) • • ■ {(Tj~'^(Tj-r'^)aj~^ 

(cTj-lg-j) . ■ ■ {am+lO'm+2)<^m+l O'r,m+l'^(^m+l ^0'i,m+l^ 



± 



X {o'm+2 ^(^m+l ^] 



-1 



— ■ • • '^m+lO-r,m+l CTj . . . (T^_|_2(JTn+l '^m+2 • • • "^j 



X „j_|_i^Crm+l ""^ • • • O'j-l 



cr,_i cr,- 



□ 



The system of generators in the last presentation of B„i n is irredundant, in the 
sense that no proper subset of it can generate -Bm,n- In order now to simphfy 
the notation we will relabel the generators ai^m+i , ■ ■ ■ , o,m,m+i , "^m+i , ■ ■ ■ , <^m+n-i 
to Oi, . . . , a^, (Ti, . . . , (T„_i accordingly, to obtain the following, final presenta- 
tion for Bm,n- 



^1) • • • ) ^mj 
Cl) • • • ) CTn-l 



akO-j = ajak, \k - j\ > 1 
<^k(^k+i(^k = o-fe+io-feo-fc+i, 1 < k < n - 1 
ct-iO'k = o'kCii, k > 2, 1 < i < m, 
ajCTiajiTi = aiQiaiGi, 1 < i < m 
ailaiardi"^) — {aiarai''^)ai, r < i. 



Remark 4 It is worth mentioning that the above presentation of B^n^n is 
very similar to that of the Artin braid group associated to the Dynkin diagram 
below. 
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In the diagram the single bonds mean relations of degree 3, the double bonds 
relations of degree 4, and if two generators are not connected by a bond they 
commute. The two presentations differ only in the last relation, which in the 
case of the Artin group (cf. [2]) is a mere commutation relation between 
and Gr- Nevertheless, in the case m = 1, Bi^n is the Artin group of type B. 



6 The cosets Cm,n 

In this section the word knot will be used to mean knots and links. 

Let now S^\K be the complement of the oriented knot K in S^. Obviously, 
S^\K can be represented in by the knot K. By classical results of Lickorish 
and Wallace a closed, connected, orientable 3-manifold can be obtained (not 
uniquely) by surgery along an integer- framed knot in S^, so it can be repre- 
sented in 5*'^ by this knot. We shall denote by M either a knot complement or a 
c.c.o. 3-manifold. Then, by fixing M we may also fix a knot in representing 
M, and this knot may be assumed to be a closed braid, say B. It is shown 
in [7] that knots in these spaces can be represented by 'mixed braids', which 
contain the braid S as a fixed subbraid. More precisely, we have the following: 

Definition 3 A mixed braid is a special element of -B^+n consisting of two 
disjoint orbits of strands, such that the subbraid forming the one orbit consists 
of the first m strands and it is a fixed element of Bm- 

If now the manifold M is a handlebody of genus m, knots in M can clearly 
be represented by elements of Bm,n- Further, if M is the complement of the 
m- unlink or a connected sum of m lens spaces of type L{j)^ 1), then knots in 
M are represented by elements of i?m,n, for n G IN . In the special case where 
M is the complement of the trivial knot or L{p, 1), knots in M are represented 
by elements of -Bi_„, the Artin group of type B (cf. [4, 5, 6]). These are rather 
special cases of knot complements or c.c.o. 3-manifolds. 

In the generic case the subbraid representing M will not be the identity 
braid (for an example see figure 3(a)). In the generic case the multiplication 
of two mixed braids in -Bj„+„ related to M is not a closed operation, since 
concatenation does not preserve the structure of the manifold. 
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a 



B 



Figure 3 



The following proposition shows that, nevertheless, we still have braid struc- 
tures in M. Indeed, let UJ^Li Cm,n denote the disjoint union of the cosets of all 
mixed braids associated to a generic M. Then we have the following: 



Proposition 1 For a fixed M, Cm,n is a coset of Bm,n if^ -^m+n- 

Proof Let A e Cm,n- We shall show that A can be written as a product 

a • B, where a G B^ n and B is the fixed braid representing M in S'^. Indeed, 
we notice first that by symmetry, Artin's combing for pure braids can be also 
applied starting from the last strand of a pure braid. So, we multiply A from 
the top with a braid p on the last n strands and with a braid a on the first m 
strands, such that pAa is a pure braid in Bm+n- Then we apply to it Artin's 
canonical form from the end. This will separate A into two parts, one being 
an element of Bjn,n and the other being the fixed braid B embedded in Bm+n 
(see figure 3(b)). □ 

A final comment is now due. 

Remark 5 The groups Bm,n and their cosets „ will be used for yielding an 
algebraic version of Markov's theorem for isotopy of knots in knot complements 
and 3-manifolds. For the purpose of constructing knot invariants following 
the line of Jones-Ocneanu one can use the irredundant presentation of -Bm,n 
for considering appropriate quotient algebras that satisfy a quadratic skein 
relation for the (Tj's. 
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